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CONCEPT #1 – SAMPLE SPACES
Sample Space : “all possible outcomes” 
[ in algorithms, is usually finite ]

Also : each outcome has a probability p(iti >= 

0 Constraint :

Example #1 : Rolling 2 dice. = {(1,1ti, (2,1ti,
(3,1ti,…,(5,6ti,(6,6ti } Example #2 : Choosing a random pivot in 
outer QuickSort call.

= {1,2,3,…,n} (index of pivotti and p(iti = 1/n for all Nextcore AI -
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An event is a subset

The probability of an event S is

CONCEPT #2 – EVENTS
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Consider the event (i.e., the subset of outcomes for whichti “the
sum of the two dice is 7”. What is the probability of this event?

S = 
{(1,6ti,(2,5ti,(3,4ti,(4,3ti,(5,2ti,(6,1ti}
Pr[S] = 6/36 = 1/6



1⁄𝑛

1⁄4

1⁄2

3⁄4

Consider the event (i.e., the subset of outcomes for whichti “the
chosen pivot gives a 25-‐75 split of beder”. What is the probability 
of this event?

S = {(n/4+1tith smallest element,.., (3n/4tith smallest
element

Pr[S] = (n/2ti/n = 
1/2
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CONCEPT #2 – EVENTSAn event is a subset

The probability of an event S is

Ex#1 : sum of dice = 7. S = 
{(1,1ti,(2,1ti,(3,1ti,…,(5,6ti,(6,6ti} Pr[S] = 6/36 = 
1/6

Ex#2 : pivot gives 25-‐75 split or beder.
S = {(n/4+1tith smallest element,…,(3n/4tith smallest
element] Pr[S] = (n/2ti/n = 1/2



CONCEPT #3 -‐RANDOM VARIABLES

A Random Variable X is a real-‐valued funcAon

Ex#1 : Sum of the two dice

Ex#2 : Size of subarray passed to 1st recursive call.
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CONCEPT #4 -‐EXPECTAAONLet be a random variable.

The expectaAon E[X] of X = average value of X
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WHAT IS THE EXPECTAAON OF THE SUM OF TWO DICE?

8



𝑛⁄4

𝑛⁄3

𝑛⁄2

Which of the following is closest to the expectaAon of the size of 
the subarray passed to the first recursive call in QuickSort?

Let X = subarray size

3𝑛⁄4

Then E[X] = (1/nti*0 + (1/nti*2 + … + (1/nti*(n-
‐1ti

= (n-‐1ti/2



CONCEPT #4 -‐EXPECTAAONLet be a random variable.

The expectaAon E[X] of X = average value of X

Ex#1 : Sum of the two dice, E[X] = 7

Ex#2 : Size of subarray passed to 1st recursive call.
E[X] = (n-‐1ti/2
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Claim [LIN EXP] : Let X1,…,Xn be random variables defined on
. Then :

Ex#1 : if X1,X2 = the two dice, then  
E[Xj] = (1/6ti(1+2+3+4+5+6ti = 
3.5

By LIN EXP : E[X1+X2] = E[X1] + E[X2] = 3.5 + 3.5 = 7

CONCEPT #5 – LINEARITY OF EXPECTAAON
CRUCIALLY: HOLDS 
EVEN WHEN Xj’s
ARE NOT 
INDEPENDENT!
[WOULD FAIL IF
REPLACE SUMS WITH 
PRODUCTS]
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LINEARITY OF EXPECTAAON 
(PROOFTI
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EXAMPLE: LOAD BALANCINGProblem : need to assign n processes to n servers.

Proposed SoluAon : assign each process to a random
server

QuesAon : what is the expected number of processes 
assigned to a server ?



LOAD BALANCING SOLUAONSample Space each 
equally likely.

= all nn assignments of processes to servers,

Let Y = total number of processes assigned to the first server.

Goal : compute E[Y]

Let Xj = 1 if jth process assigned to first server
0 otherwise
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Load Balancing SoluAon 
(con’dtiWe have
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